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Abstract 



The blow-up rate estimate for the solution to a semilinear parabolic equation 
ut = Au+V{x)\u\^~^u inQx (0, T) with 0-Dirichlet boundary condition is obtained. 
As an application, it is shown that the asymptotic behavior of blow-up time and 
blow-up set of the problem with nonnegative initial data u{x, 0) = Mip{x) as M 
goes to infinity, which have been found in [5], are improved under some reasonable 
and weaker conditions compared with [5]. 

Key words: Blow-Up rate, Blow-Up time, Blow-Up set, Semilinear parabolic 
equations. Potential. 



1 Introduction 

In this paper, we are concerned with the following semilinear parabolic problem 
f ut = /Au + V{x)\u\P-^u in fix(0,r), 



where Vt C M^(A^ ^ 3) is a bounded, convex, smooth domain, 1 < p < ^^f, uq G L^{Vl), 
and the potential V G C^{Vl) satisfies V{x) ^ c for some positive constant c and all 
X eVL. It is well-known that for any Uq G L°°{VL) problem (11.11) has a unique local in time 
solution. Specially, if the L°°-norm of the initial datum is small enough, then f 1 1.1 1) has 
global, classical solution, while the solution to (11 .11) ceases to exist after some time T > 
and lim t)||2,oo(Q) = oo provided that the initial datum uq is large in some suitable 

sense. In the latter case we call the solution u to (11.11) blows up in finite time and T the 
blow-up time. As usual, the blow-up set of the solution u is defined by 

B[u] = {x G n I there exist Xn — > a;, t„ t T, such that |M(x„,t„)| oo}. 
*The corresponding author. 




on dVL X (0,T), 
in f2. 



(1.1) 
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Much effort has been devoted to blow-up problems for semilinear parabolic equations 
since the pioneering works in 1960s due in particular to interest in understanding the 
mechanism of thermal runaway in combustion theory and as a model for reaction-diffusion. 
See for example, [H [21 [3l El [H [H [HI [16] . The seminal works to problem (11.11) with V{x) = 1 
were done by Giga-Kohn [9], [TOl [11]. In their paper [lOj, among other things, they have 
obtained a blow-up rate estimate, which is crucial to obtain the asymptotic behavior of 
the blow-up solution near the blow-up time. More precisely, under the assumptions that 
the domain fl is the entire space or convex and the solution is nonnegative or 1 < p < 
|f^(A^ ^ 2) or 1 < p < cx)(A^ = 1), they proved that 

\u{x,t)\ ^ c{T-t)^, V G ^] X (o,r), 

where C > is a constant and T > is the blow-up time. More recently, the same 
estimate has been obtained by Giga-Matsui-Sasayama [T^l [13] for any subcritical p (i.e., 
1 < P < fri when iV^3, l<p<oo when = 1, 2). 

Whether the similar blow-up rate estimate holds for the problem (II. ip for general 
potential V, to our best knowledge, is not well-understood up to now. Our first goal in 
this paper is to give an affirmative answer to this question. We have the following 

Theorem 1.1. Let u be a blow-up solution to (11.11) with a blow-up time T. There exists 
a positive constant C depending only on n,p,^l, a bound for T-'^/'-*'^-'^^||?io||L°°(r2) o-'iT'd the 
positive lower bound c for V and ||^||c'i(n); such that 



|M(-,t)||L-'(n) 



^CiT-t)-^^^P-^\ VtG(0,T). (1.2) 



As in \iQ\, we convert our problem to a uniform bound for a global in time solution w 
of the rescaled equation 

1 - 1 

Ws - Aw + -y -Vw + Pw -V\wf~'^w = 0, (3 



with 

w{y, s) = {T~ tfuia + yVT^t, t), Viy, s) = Via + ye~'/''), 

where a G is the center of the rescaling. 

The proof of Theorem 11.11 depends heavily on the methods developed by Giga-Kohn 
in [To] and Giga-Matsui-Sasayama in [121 [IS] • However our result is definitely not a direct 
consequence of their works. Due to the appearance of the potential V, some extra works 
should be done. It turns out that the key point and the main difference is to establish an 
upper bound for the global energy of w given by 

^M(^) = ^ / i\Vw\' + (3w')pdy-^ [ V\wr'pdy, 
^ Jn(s) p+ i- Jq(s) 

where p{y) = e 4 . A lower bound for the energy can be obtained without much effort. 
When V = 1, these bounds come easily from the Liapunov structure of the equation, i.e., 
the energy E[w] is non-increasing in time. In our case this does not hold anymore. There 
is a "bad" term 

— pdy 
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involved in the derivative of the energy E [w] . The main idea of proving Theorem 11.11 is 
as follows: First, using the fact that ^ is uniformly bounded in f2(s) for all s, we get a 
rough control of the growth of the global energy Since the term ^ can be written 

as W{x) ■ ?/e~'*/^, we can use the information of the decay term e~*/^. However, it has 
disadvantage that the unbounded thing y involves. Therefore we need some information 
from higher level energies 

E2k[w]{s) = \l {\Vw\' + (3w')\y\''pdy-^ [ V\wr'\y\''pdy, keK 

So our second step is to establish the control of the higher level energies. An upper 
bound for E2k[w] is obtained by an integral involving lower level energy. A lower bound 

d f 

for E2k[w] is obtained by two inequalities involving — / w'^\y\'^^pdy and dE2k['w]/ds. 

Finally we obtain an upper bound for the energy E[w]. To this end, the growth of lower 
level energies is improved by applying the growth of the higher level energies. An upper 
bound of the global energy E[w] is obtained by a similar trick to bootstrap argument. 
Once these bounds are in hands, similar arguments to [121 US] can be applied to show 
the boundedness of the global in time solution w, which in turn implies the blow-up rate 
estimate (II. 2p . 

Another aim of this paper is to establish the asymptotic behavior of blow-up time and 
blow-up set of the blow-up solution to the problem (II. ip with nonnegative initial data 
Mo = M(f as M — s> oo. In this case, the problem we focused on can be rewritten as 

Ut = Au + V{x)uP infix(0,T), 

u{x,t) = on9fix(0,T), (1.3) 

u{x,0) = Mif{x) in Q, 

where (p G satisfies (p\dn = 0, (p{x) > 0, W x G fl and V satisfies the same conditions 

as before. For these issues of blow-up problems to (11.30 . we improve the results which 
have been obtained by Cortazar-Elgueta-Rossi ^ recently. 
In [5], they have made some more technical condition on ip: 

MA<p + - min V{x)MPp)P ^ 0. (1.4) 
2 x^u 

The assumptions on Q,p and V are the same as ours (although their assumption that 
V is Lipschitz is replaced hj V E C^(0) in our case, our results still hold when V is 
Lipschitz). Under these assumptions, they proved that there exists M > such that if 
M > M, then blow-up occurs and the blow-up time T{M) and the blow-up set B[u] of 
the blow-up solution to (11.30 satisfy 

%^T{M)MP-'-^^ 



cpP-\a)Via) for all a G B[u], 

where A = (max^-gQ (y9P^-'^(x)V(x)) ""^ , 7 = min(2^, |) and Ci,C2 are two positive con- 
stants. 

For the upper bound estimate on blow-up time, we have the following 
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Theorem 1.2. Let Q C M.^{N ^ 3) be a smooth bounded domain, p > 1, V,(f be 
continuous functions on Q with (flgn = 0, f{x) > 0, V{x) ^ c, V x G for some c > 0. 
Then for any k > p — 1 there exists a constant C > and Mq > such that for every 
M ^ Mq, the solution to (11.31) blows up in finite time that verifies 

where A = {max.j.(zQ (fP~^{x)V{x)) \ 

Remark 1.1. Our assumptions are weaker than ones in [5]. In [5], they required V and if 
are Lipschitz continuous. Furthermore, our resuh tells that the decay of the upper bound 
of T{M) — (p_x)7i/p-i can be faster than which has been obtained in [S]. 

Notice that the proof of the upper bound of blow-up time in [5] depends on an argument 
of so-called "projection method" (see e.g. [H]) and the essential assumption that V, (p are 
Lipschitz continuous. Our proof of Theorem 11.21 requires a L^-method (see e.g. [1]). The 
advantage of this method compared with one in [5J is that we do not need to control the 
first eigenvalue of Laplacian with Dirichlet boundary condition. 

For the lower bound estimate for the blow-up time and the asymptotic behavior of 
blow-up set, we have 

Theorem 1.3. Let C R^{N ^ 3) be a convex, bounded, smooth domain, 1 < p < jtzo; 
if be a continuous function on Vt with ip\dQ, = 0, f{x) > 0, V x G fi, and V G C^{Q) with 
V{x) > c, V X G for some c > 0. Then there exist two positive constants Ci,C2 such 
that 

T{M)MP-^ ^ -T%r (1-6) 



M' 



4 



1 C2 



ipP-\a)Via) ^ ^, for all a G B[u], (1.7) 

A M 4, 

where A = (max^^Q (f '^^^ {x)V (x)) ^. 

Applying Theorem 1 1 . 1 1 and the method in [5], we get Theorem 11.31 immediately. The 
only difference is that the role of Lemma 2.1 in [5] is replaced by that of our Theorem ll.il 
now. 

Remark 1.2. In our case, we do not need the assumption (11.41) anymore. 

Remark 1.3. As described in [5], the asymptotics depend on a combination of the shape 
of both if and V. To see this, if we drop the Laplacian, we get the ODE Ut = V{x)u'^ 
with initial condition u{x,0) = Mlp{x). This gives u{x,t) = C{T — t)~i/(?'~i) with 

T 



{p- l)V{x)(pP-'^{x) 



It turns out that blow-up occurs at point Xq such that V{xo)ipP ^{xq) = maxV{x)ipP ^(x). 
So the quantity ma.xV{x)(fP'^{x) plays a crucial role in the problem. 
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Remark 1.4. Also as in (11. 7p shows that the blow-up set concentrates when M ^ oo 
near the set where <f^~^V attains its maximum. Notice that 1/A = ipP~^{d)V{d) for any 
maximizer d. If a is a non-degenerate maximizer, we conclude that there exist constants 
c,d > such that 

ipP-\d)V{d) - ipP'\x)V{x) ^ c\d -x\^ for all x G B{d, d). 

So fll.7l) implies 

C 

\d — a\ ^ ——, — V a G B\v\. 

Throughout the paper we will denote by C a constant that does not depends on 
the solution itself. And it may change from line to line. And Ki, K2, ■ ■ ■ , Li, L2, ■ ■ ■ , 
Ml, M2, • ■ ■ , Ni, N2, ■ ■ ■ , Qi, Q2, ■ ■ ■ are positive constants depending on p, N, Q, a lower 
bound of V, \\V\\qi(^q-^ and the initial energy -E[wo]. Here and hereafter wo{y) = w{y, sq). 

Acknowledgment. This work is partially supported by NSFC No. 10571069. 

2 Blow-Up Rate Estimates 

In this section, we will prove Theorem 11.11 
We introduce the rescaled function 



w 



''{y, s) = {T- t)''u{a + yVT^t, t) (2.1) 



with s = — log(T — t), P = We shall denote w"" by w. If u solves (II. ip . then w 
satisfies 

Ws-Aw + ^y-Vw + pw-\w\P'^wV{a + ye~'/^)=0 in l](s) x (sq, 00) (2.2) 

where ^{s) = Qa{s) = {y : a + ye'-'/"^ G Q}, Sq = -logT. 

We may assume T = 1 as in so that we assume Sq = 0. Here and hereafter we 
may denote V{a + ye^^/"^) by V{y, s). 

( \y?\ 

By introducing a weight function p{y) = exp ( — — 1 , we can rewrite (12.21) as the 
divergence form: 

pws = V ■ [pVw) - f3pw + V\w\P'^wp in fi(s) X (0,cx)). (2.3) 
As stated in [12j, we may assume 

w, Vw and V^w are bounded and continuous on Vl{s) x [0, s] for all s < 00. 

2.1 Global energy estimates 

We introduce the energy of w of the form (we call it the "global energy" ) 

E[w]{s) = \ [ {\Vw\^ + Pw')pdy-^ [ V\w\P+'pdy. 
^ Jn(s) p + i Jq(^s) 

We shall show that this global energy satisfies the following estimates. 
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Proposition 2.1. Let w be a global solution of (12. 3p . then 

-Ki^ E[w] ^ K2. (2.4) 
Proposition 2.2. Let w be a global solution of (12. 3p . then 

\ws;Ll{n{s))fds^Ni, (2.5) 

||^;L2(l](s))f ^iV2, (2.6) 

rs+l 

/ ||w;;Lfi(fi(s))f(P+i)cis^iV3. (2.7) 

J s 

We will prove these two properties in the following subsections. 

2.1.1 Lower bound for E[w] 

Lemma 2.3. E[w] ^ -Ki. 

We see from (D that 

1 d 
2ds 



/ tv^pdy = I wwspdy= / w{V ■ (pVw) — (3pw + V\wf ^wp)dy 
Jn{s) Jq{s) Jn{s) 

= - [ \Vw\'^pdy- [ (3w'^pdy+ I V\w\P+^pdy 
Jn(s) Jn(s) Jq(s) 



'n{s) Jn{s) Jn{s) 

2E[w] + ^^^ [ V\w\P+^pdy. {2.t 



P + 1 Jnis) 

Calculating the derivative of E[w] and noting that Ws\dn{s) = —\y ■ Vtf we have 

-^E[w]{s) = I {Vw ■ Vws + PwWs)pdy — f V\wf^^wWspdy 

+ 7 / |V«;p(y ■7)pd(T — / —\w\P-^^pdy 

= — / V ■ {pVw)wsdy + I {p\/w ■ 'y)wsda + / (3wWspdy 
Jn(s) Jdn(s) Jn(s) 



n{s) Jdn{s) Jn{s) 

V\w\^~^wWspdy + - / \'Vwf{y-'y)pda / —-{wl^'^^ p dy 

n{s) 4 Jg^^,^ p + 1 ds 



- / W ■ {pVw)wsdy + / (3wWspdy— I V\wY' ^wWgpdy 
Jn{s) Jn{s) Jn{s) 

f \VwWy-i)pd(j+ \ f VV ■y\w\'P+^pdy 

- / wlpdy-- I \Vw\'^{y ■-i)pda 
Jn{s) 4 Jan{s) 

2(p + 1) Jn{s) 
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or 



[ wlpdy = —^E[w]{s)-l[ \\/w\'^{y--f)pda 

+^jr^ [ "^V-ylwr'pdy. (2.10) 



in{s) 

Notice that V is bounded. By (12.81) . using Young's inequality, we have 

-2E[w]+C [ \w\P+^pdy ^ -2E[w] + ^^^ [ V\w\P+^pdy 
Jn{s) p + I Jn{s) 

= / wwsp dy 
Jq{s) 

^ £ wlpdy + e I Iwl^"^^ pdy + C{e). 
Jn{s) Jn{s) 

Taking e small enough we get 

/ \w\P'^^pdy^CE[w]+£ [ wlpdy + C{e). (2.11) 

Since sup |V\^||?/| = sup |VV"||x — a\ is bounded and fl is convex, it follows from (12.91) 

yen{s) x&n 



and fICT]) that 

-^E[w]{s) ^ - [ wlpdy + C I \w\P+^pdy 

^ -{!-£) [ wlpdy + CE[w]+C{e). 

Take e small then we have 



-^E[w]{s) ^C,E[w] + C2. (2.12) 
ds 

From this inequality, we claim that E[w] ^ ^°^) then there exists Si > such 
that E[w]{si) < -g. By ( nA2\i . we have £E[w]{si) < 0. This implies that 

C2 

E[w]{s) < — s ^ Si. 

Hence by ( 12. Sp and Jensen's inequality, for s ^ si, we have 

( p+i 
/ w'pdy) ' . 

This fact shows that J^j^_,^ vj^pdy will blow up in finite time, which is impossible. 
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2.1.2 Upper bound for E[w] 

To find an upper bound for we introduce 

E2k[w] = l [ {\Vw\' + f3w')\y\''pdy-^ [ V\wr'\y\''pdy, keN. 
^ Jn(s) p+ i- Jn{s) 

For this energy functional, we shall prove the following properties. 

Proposition 2.4. 



1 d 
2ds 



w^p\y\'"'dy 



-2E2k[w 



n{s) 



p — 1 
P+l 



V\wr'p\y\''dy 



n{s) 



n{s) 



+ / k(n + 2k-2--\y\']w'\y\'''~'pdy. (2.13) 



Proposition 2.5. 

w^,p\y\^''dy -- 

n{s) 



'n{s) 





dw 


1 

Jan{s) 


^7 



^ / ^\wr'p\y\''dy. 

+ 1 Jn(s) 9s 



P + 1 Jn{s) 

Proof of Proposition 12. 4T Similar to that of [10] Proposition 4.1. 
Proof of Proposition 12.51 



iy7)p\y\^'" da 

(2.14) 



as 



(Vw ■ Vws + (3wws - V\w\'P ^wws)p\y\'^'' dy 



p+l 



n{s) 



^\wr^p\y\^''dy + \ 



\Vw\\y^)p\y\''da. 



dn{s) 



Estimating the first term of the right hand side, we get 



/ Vw ■ Vwsp\y\'^'' dy = - V ■ {p\y\^^Vw)wsdy+ I p\y\^^Vw ■ -^Wsda 
Jn{s) Jn{s) Jdn{s) 



S/-{pVw)ws\y\ dy-2k WspVw ■ 



n(s) 



2k-2 



dy 



n{s) 



\Vw\'\y^)p\y\''da. 



dn{s) 



Hence we have 
d 

^^E2k[w] = 



[ Ws{V- (pVw) + Pwp - VwPp) dy-2k I WspVw ■ y\y\^^''^ dy 
Jn{s) Jq{s) 

/ ^krVbP'^l/-^ / \Vw\\yj)p\y\''dady 



/ wlp\y\''dy-2k [ WspVwy\y\^''-'dy 
Jn{s) Jn{s) 

1^ [ f \Vw\\yj)p\y\'''da. 
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For k = 1, similar to Proposition 4.2 of [lOj we now state an parabolic type Pohozaev 
identity. 



Proposition 2.6. 

1 d 
2ds 



/ (hy\^ - w'^pdy - {p+ 1) [ {y-Vw)wspdy 
Jn{s) / Jn{s) 



\Ww\-^p[c2 + ^\y{'] dy 



n{s) 



p+1 



an{s) 



dw 



{y--f)pda 



+ [ VV -ylwlP+^pdy. 
Jn{s) 



We now define 



Lemma 2.7. 

d{E2 + C3E) 



E2[w] = E2[w] 



n{s) 



-lyp - n w^pdy. 



(2.15) 



(2.16) 



ds 



< -C4 / {wl + \Vw\'){l + \y\^)pdy + X^E^ + c^E) + C5, (2.17) 



where A 



8 do 



n{s) 



and C5 depends on p,di,d2,'r], di and d2 are constants such that 



p — 1 di 

V{x) ^ di > and sup IW {x)\diam{Q) ^ 2^2 and rj is a small constant. 



Proof. By flCTD and (12151) we obtain that 



dE2 
ds 



n(s) 



1 



Iwsl p\y\ dy-{p + 3) / {y ■Vw)wspdy - - / (?/ ■ 7) 

'n(s) 4 



\Ww{U 02 + ^\y\-']pdy 



p + 1 



{y-i) 



dw 



dw 



p\y\^da 



p da 



(2.18) 



Since Q is convex, the third term on the right is always negative. We control the second 
term by applying the Cauchy-Schwarz inequality: for any e > 0, 



{y ■ Vw)wsP dy 



n{s) 



^ 6 I p\yf\Vwfdy + 

Q{s) 



4e 



p\ws\'^dy. 



n{s) 



Choosing e small enough that ~ ip + 3)5 = 5 > 0, we conclude that 



dE2 
ds 



< - 



[ {\ws\^\y\^ + 6\Vw\^\y\^ + C2\Vw\^)pdy 
Jn(s) 

p + 3 



'n{s) 
p + l 



(y-i) 



dw 



pda + 



Ae 



p\ws\ dy 



n{s) 
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Now choose C3 > max(2(p + 1), 1 + and apply fl2.10p to get 



p+1 



dn{s) 



dw 



(97 



pda+{ 1 + 



Ae 

p + 3\ 
As j 



I |2 7 

p\Ws\ dy+C3— ^ 



C3 



dV 



Let 2c4 = min(l, 6, C2) > 0, we derive that 

d{E2 + CsE) 
ds 



< -2c, I iw', + \Vw\')il + \y\')pdy + 2 I —\w\P+^pdy 



n{s) 



ds p + l Jn(^s) ds 
dV 



w\^^^pdy. 



C3 



P+l Jq{s) ds 



^^1 IP+i w 1 
\w\^^ pdy 



dV, 



w\P^'p\y\'dy (2.19) 



^ -2cJ {wl + \Vw\'){l + \y\')pdy+^ [ (c^ + \y\')^\wr' p dy 
Jn(s) P + 1 Jn(s) ds 



Note that V{y, s) ^ di > 0. From (ESD we get 



p — 1 



J9 — 1 



di \w\P+^pdy^- / V\w\P^^pdy = 2E[w]+ wwspdy. 



P+l Jn{s) P+^Jn(s) Jn(s) 

In the following we will denote (^J^_X^j^^ by c(p, c/i). Making use of the inequality 

ab ^e{a^ + If+^) +C{e), p > 1, V £ > 0, (2.20) 

we obtain that 



n{s) 



\w\^~^^pdy ^ 2c{p, di)E[w] + / wWsc{p,di)pdy 

Jq{s) 

^ 2c(p, (ii)£'[iy] + 7] / w^^^pdy + T] I w^pdy + C{p,di,ri) 



n{s) 



n(s) 



Here and hereafter C{p, di, rj) denotes a constant depending on p,di,ri and may be differ- 
ent at each occurrence. Take t] < 1 and we hence have 

f ^P^ipdy^^^^Pl^E[w] + -^ [ wlpdy + C{p,d„v). (2.21) 
Jn(s) 1 - ^ 1 - ^7 Jn(s) 



From f l2.13p we obtain that 



^d, [ \wr'p\y\'dy ^ 
P+l Jnis) 


p — 1 

P+l . 


[ V\w 




2E2[w] 






2^2 M 





wwsp\y\^dy 
wWsWp dy + 2 



n - -\y\^ ] w'^pdy 



Thanks to ( ]2.20p . we hence get 



\y\^ - n w'^pdy. 



wf+'p\y\'dy ^ 2c{p,di)E2[w]+ I w'\y\p+^ ■ c{p, di)\y\ -pdy 

n{s) 



V 



+^ I krVl2/|'rfy + ? / wip\y\-'dy + C{p,duri) 



n{s) 



'n(s) 



< 2c{p,d^)E2[w]+7] I \wr'p\yrdy + j I wip\y\' dy + C{p,d,,r]). 
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Therefore we have 



\w 



ip+l I 12 r ^ MP,dl) ^ r 1 , V 

r P\y\ dy < — E2[w] + 



n{s) 



l-T] ' 2(1-7]) ^(,) 

Combining (|239|) with flOT]) and (12:221) we obtain that 

d{E2 + C3^) 

^ — ZC4 

'Q{s) 



I wlp\y\^dy + C{p,d^,7]). (2.22) 



ds 



< -2c, [ i\ws\^ + \Vw\^)il + \y\^)pdy+^—C3d2[ 
Jn(s) p + i Jq 

wr'p\y\'dy 

2 T] 



wf'^^pdy 



d2 

P + 1 Jn{s) 



2c(p,di) 2 , p. 1^ 

< —. — -Csds^H + 

1 — p + 1 



p + 1 1 — r] 



03^2 — 2C4 



wlpdy 



n{s) 



+C{p, di, d2, r]) + '^i) _^c3(i2-E2H 



1 — p + 1 



+ 



p + 12(l-r/) 



d2-2cA f wlp\y\^ dy - a [ \Vw\^{l + \y\^)p dy 
J Jn{s) Jn{s) 



where ^2 is a constant such that sup 
--^ V < then 

(p+l)(l-77) ^ C3' 
diE2 + C3^) 

ds 



dV 



ds 



^ (i2- Take rj ^ ^ small enough such that 



< -C4 / (k.P + |Vw|2)(l+|l/P)pd2/ + 



8 



n{s) 



C3(i2-E[^i'] 



(p-l)d: 



-d2E2[w] + C{p, di,d2,r]). 



8 d2 , 
Denote A = r — , then we get 



p — 1 di 

d{E2 + CsE) 
ds 



< -C4 / + |Vu;n(l + \y\^)pdy + A(E2 + Cg^) + C5, 



where C5 depends on p, di, c?2, //. 

Lemma 2.8. i?2 + c^E ^ —(7, where C depends on p, di, ^2, rj. 
Proof. From (12.131) . using Jensen's inequality, we have 

p — 1 



7:4- I w'^p\y?dy 



2ds 



-2E2[w] + 



P + 1 Jn(s) 



V\w\P+'p\y\'dy + 2 



n{s) 



\y\'\ 2 , 

n \ w pdy 



n{s) 



^ -2E2[w]- I w'p\y\'dy + C I \w\^^^ p\y\^ dy 



n{s) 



^ -2E2[w] + {C-e) \wr'p\y\'dy-C{e) 

Jn(s) 



> -2E2[w]-C{e) + C[ / w'p\y\'dy 
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This inequality plus C3X (12.81) leads to 
\ d f 

2d's w^Pi\y\' + C3)dy ^ -2csE[w] + CsC 



\w\P+^pdy-2E2[w] 



n{s) 



+C[ I w'p\y\'dy 

n{s) 



C{e) 



^ -2[E2 + c^E + C{e)]+C[ / w' p{c^ + \y\') dy 



2 



Denote y{s) = J^^^^ w'^p{c^ + dy, J = E2 + C3E, C = max{C(£:), Then 



^±y(s)^-2{J + C)+Cy'i'is). 



(2.23) 



We claim that 



J ^ -C. 

If not, there exists Si such that J{si) < —C, then (I2.17p tells us that 



d{J + C) 



ds 



J + 



Sl 



^ e{J + C) < 0, 



which shows that 



J(s) <-C V O Sl. 



Therefore from (I2.23P we get '^'^V^'^) ^ ^U^'^ i.^)- From this inequality, we easily conclude 

that y{s) will blow up in finite time, which is impossible. Hence our lemma holds. 

To obtain rough estimates for the higher level energies, the following two inequalities, 
i.e. (12.261) and (I2.27p . play an important role. By Proposition 12.51 and Young's inequality, 
we have 



^E2k[w] 
as 



[ wlp\y\^'dy-2k [ piy\/w)ws\y\"'-'dy 
Jn{s) Jn{s) 

(y.^)p\y\^'^da-^ [ 

P + 1 Jn(s) ds 



^ -(1-5)/ wlp\yf'dy + Cik,E) f \Vwfp\yf'~'dy 
Jn{s) Jn(s) 

/ ^krVbP'rfy- (2.24) 
P + 1 Jn{s) ds 



Similar to (12.22p . we have 



n{s) 



w^M'''dy + Cip,d^,v)- (2.25) 



Taking e, 77 > small enough, we obtain that 

I- [ wlp\y\''dy + pE2k[w] + Cip) + Cip) [ \Vw\'p\y\''-' dy, (2.26) 
^ Jnis) Jn(s) 



d ^ r ^ 
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for all /i ^ A. 

On the other hand, by Proposition 12.41 Holder inequality, Young's inequality and 
Jensen's inequality we have 

[ w'\y\''pdy = -2E,,[w] + ^ [ V\wr'p\y\'' dy 
2 as Jn(s) P + 1 Jn{s) 

+ 1 k(n + 2k-2--\y\Aw^\y\'^''-^pdy 
Jn{s) V 2 / 



^ -2E2k[w]~C [ w'\y\^''pdy + C [ \w\^+'\y\''pdy 
Jn(s) Jn{s) 

^ ~2E2k[w] + iC-e) [ \wf-^'\y\^'pdy-Cie) 

Jn(s) 



2 



^ -2E2k[w]-C + C[ w'lyl^'pdy] . (2.27) 

\Jn{s) J 

Now we get following rough estimates 

Lemma 2.9. For any A; G N, there exist positive constants L^, M/^, N/^ and Qk, such that 
the following estimates hold: 

2Xs ^ rp ^ ]\/r „2As 



Vw\^p\y\^^ dyds ^ Nk 



2\s / IV7„..|2 „|„.|2A: 

w'p\y\''-'dy^Qke''^ 



for all k eN and s ^0. 

Proof. Let C [A, 2 A] be a strictly increasing sequence. It suffices to show 
the following estimates: 

- LkC^"' ^ E2k[w]is) ^ Mke^^\ (2.28) 



j e~^'^'i \Vw\'^p\y\^''dyds^Nk, (2.29) 
w^p\y\^''-^dy^Qke'"^\ (2.30) 



We prove these estimates by induction. 

Step 1. These estimates holds for k = 1. 

Note that (12X7]) gives ^ ("^ + y) ^ + x) ' ^^^^'^ ^^^^ ^ ^ 

Therefore we now have —C ^ J ^ Ce^'^ by Lemma [2.81 Using the similar trick of getting 
fl2.17p . we can write (12.121) as a more refinement form: 
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then E[w] < Ce^'' and therefore E2[w] ^ -C - OiE[w] ^ -Ce^^ It follows that 

\E2[w]\^Ce^\ (2.31) 

From dllTD, we have ^ (-^ + y) ^ "^4 ^ K' + |V^n(l + I^Hprfy + A + y) • 
Multiplying e^'^'^ on both sides and integrating from to oo, we obtain that 

/ e-W K^+|V«;n(l + |y|>rfi/rf.^a (2.32) 
Jo Jn{s) 

In particular, 02.291) holds for k = 1. 



Denote y{s) = w pdy. Notice that 

'q{s) 



d 

ds 



[ w^pdy = -AE[w] + / V\w\P+^pdy 

Jq{s) P + I Jq(s) 

— 

^ -Ce^' + c( [ w^pdy 



\Jn{s) 

.As 



C7 I -086-^^+ ( / w'pdy 
'nis) 

If there exists si ^ such that y{si) — 2cse^'^^ > 0, then at si, 
d 



£+1 ■ 

2 



= t/'(s,)-2Ac8e*" 

Si 



^ C7(i/(si)"*^-C8e^^i) -2Ac8e 
= cj[y{s,y-i^ -Cs{l + 2X/cj)e^'^ 
> C7 (^C8^ e—^'' - cs{l + 2A/C7)e^^i 



> 0, 



since cs can be large enough. It follows that y{s) > 2cse^'^ for all s > si. So y{s)''2 > 



y{s) > 2cse'^^ and then '^vi-^) ^ '^^''^ ^ "^i' "^^i^^^ implies that ?/ will blow 

up in finite time. This contradicts the fact that y is globally defined. So we have 

y{s) ^ 2cse^', V s ^ 0. (2.33) 

In other words, fl2.30p holds for k = 1. 
By 

{e-^'E2[w]) < Ce-^' [ \Vw\^pdy + Ce-^'. 
It follows from ^i:m that 

E2[w] ^ Ce^\ 



2 BLOW-UP RATE ESTIMATES 



15 



On the other hand, by fl2.3ip and the definition of E2, we have 

-Ce'^ ^ E,[w] = E4w]-^l^^^(^^\y\'-n^w'pdy 

^ E2[w] + - / w^pdy 
^ Jn(s) 



'n(s) 

where the last inequahty follows from (]2.30p for k = 1. Therefore (I2.28P also holds for 
k = l. 

Step 2. (I22HD-(E3Q]) holds for all keN. 

Suppose fl2:28|) - fl2:30|) holds for k ^ n. Since f lOHj) holds for k = n, hj (12:271) and a 
similar argument to derive fl2.33p we conclude that (12.301) holds for k = n + 1. By fl2.26p , 
we have 

Since ( 12.290 holds for k = n, we have 

Now we need to obtain the lower bound for E2n+2[^]- Denote 



y{s) = [ w'p\y\'-+'dy 
Jn(s) 

Z{S) = E2n+2[w]+C{Xn). 



Then it follows from (12:261) and (12:271) that 



y'{s) ^ -4z{s) +Cy—{s) (2.34) 
z'{s) ^ Kz{s)+C ! |Vw;|Vll/|'"f^l/- (2.35) 



The last inequality implies that 

^{e-^-'z{s)) ^ e-^-'h{s), (2.36) 

where h{s) = C \'Vw\'^p\y\'^"' dy. By induction hypothesis, we have 
Jn{s) 

/ e-^"7 iVwl^plyl^'^dy^Cn. (2.37) 
Jo Jn{s) 

We claim that 

z{s) ^ -Ne^"', V s ^ 0, (2.38) 
where N = e~^"^h{s)ds < 00. 
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Otherwise, there exists Si ^ such that e ^"^'^z{si) + N < 0. By fl2.36p . we have 
e-^"'z{s) - e-^"''z{si) ^ j e"^"^/i(r) dr <: iV, 

J Sl 

for all s > si. So e~^"''z{s) ^ N + e'^'^'^'' z{si) < 0, i.e., z{s) < for all s > Si. 
Now from (12.341) we conclude that y'{s) ^ Cy~{s) for all s ^ si, which implies y{s) 
blows up in finite time. This is a contradiction. Therefore E2n+2[w] ^ —Ce^"'' and then 
|-E^2n+2NI ^ Ce^"^. In particular, fl2.28p holds for = n + 1. 
Finally, by fl2.26p . we have 



d 

— E2n+2[W\ ^ - 

ds 



I [ wlp\y\'-^' dy + C [ \Vw\'p\y\'-dy + C + XnE2nA^]- 
^ Jn(s) Jn(s) 



'n{s) Jn(s) 
Combining this with the fact that | -E'2n+2 ["^1 1 ^ Ce^""^ and (12.371) we have 



/•oo /» 

/ e-^"' wlp\y\^''^^dyds^C. 

Jo Jq{s) 



By (I22SD, we obtain 

/ \Vw\'p\y\'^+'dy <: 2E2nMw] + ^ f V\wr'p\y\''^+' dy 

^ CE2n+2[w] +C + C [ w',p\y\^^+' dy. 

Jn{s) 

Therefore, by |i?2n+2[w]| ^ Ce^"^, we get 

POO 

/ e-^"+''\\/w\^p\y\^''^^dy 
Jo 

POO noo 1* 

^ C iE2n+2[w] + l)e-^-+''ds + C e-^-U wlp\y\''''^^ dy ds 
Jo Jo Jn{s) 

POO 

^ C e^^^~^^+^^'ds + C 
Jo 

^ C. 

Hence (I2.29P holds for k = n + 1. The Lemma is proved. 
Remark 2.1. We have seen in the proof of this Lemma that 

-L ^ ^ Ce^^ 

and 

l*oo I* 

/ e-^' \Vw\^pdyds^C. 

Jo Jq{s) 

Next, we need the following 
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Lemma 2.10. Suppose A > | and for some a G (|, 2A], there exist positive constants 
and Nk, such that 

\E2k[w]{s)\ ^ Mkc'^^ 

OO P 

as / I V7„.,|2 „L.|2fc 



e-^ \Vw\'p\y\''dyds^N,, 
Jn(s) 

hold for all k E N Li {0} and s ^ 0. Then there exist positive constants M'^ and N^, such 
that 

|i?2fcM(s)|^M^e("-3)^ 



hold for allk eNU {0} and s ^ 0. i/ere we set Eo[w] = E[w]. 

Proof. Let {Sk}'kLo C |] be a strictly decreasing sequence. It suffices to show the 
following estimates: 

|E2fcM(s)|^Mfce("-^'=)^ (2.39) 

OO P 

|Y7.„|2nU,|2fc, 



e-(a-6k)s \\/w\'p\y\''dyds ^ Nk. (2.40) 

Jq{s) 



We prove these estimates by induction. 
Step 1. These estimates hold for k = 0. 
Recalling (I2.10p we have 



^ < - / w'^^pdy+ [ VV -ye-'^^lwl^+^pdy 
ds Jq(s) Jn{s) 

wlpdy + Ce~^'^ f Mw^^pdy 
Jn{s) Jn(s) 

< - / wlpdy + Ce~'/^ f lyl^lwl^-^^pdy + Ce-'/^ [ \w\P^'pdy.{2Al) 
Jq(s) Jn(s) Jq(s) 



Also we get 



/ \y\'\wr'pdy 
Jn{s) 

(f \Vwf\yfpdy+ f \w\P+^pdy + CE2[w]+c] 
\Jn{s) Jn(s) / 



< Ce^'/U [ \Vw\^\y\^pdy+ [ \w\P+^pdy + Ce''' + c] 
\Jq{s) Jn{s) J 

By (12.211) and the assumptions of this Lemma, then we get 



^E[w] ^ -- [ wlpdy + Ce-i [ \Vw\'^p\y\'^ dy + Ce^''-'^^ + Ce~-^'{E[w] + C) 

^ -- [ wlpdy + Ce--^ [ \Vw\'^p\y\'^dy + Ce^''-'^>. (2.42) 
2 Jn(s) Jn(s) 
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So 

E[w]is) - E[w]iO) ^ C [ / \\/w\^p\y\'' dydr + Ce^""'-^^'. 

Jo Jn{T) 

f e-^ [ \Vwfp\yfdydT^Ce^''~^^'. (2.43) 
Jo JnM 



We claim that ^ 

/ e"^ 

in(T) 



Indeed, if we denote the left hand side of (12.431) by /(s), then /q°° e ^^^f'{s)ds ^ C 
by the assumption. It follows that 

[ e-(°-^)7'(s)dO /(s)e^("-^)^ 
Jo 

by integration by parts. So (I2.43P holds and 

E[w]{s) ^ Ce("-^)^ 

Notice that we have proved that E[w] ^ —L. Therefore (I2.39P holds for k = 0. 
By ([232D, fl2:i3|l and E[w] ^ -L, we deduce that 

/ / w^pdydr ^Ce^"-^^'. (2.44) 

Jo Jq{t) 



As usual, we have 



/ \\/w\'^pdy ^ 2E[w] + ^— [ V\w\P+^pdy 
Jn{s) p + I Jn(s) 

^ CE[w]+C [ wlpdy + C. 

Jq{s) 



Then 



e-("-i^) / \\/w\^pdy < C(EH + l)e-("'^") + Ce-("~^^) [ w^pdy 
Jn{s) Jn{s) 



Jq 



wlpdy. 

0(s) 



Let f{s) = / w^pdydr. Then for any s > 0, 
Jo Jn{T) 

e-("-3)" /" wlpdy dT = [ /'(r)e-("~^)"rfr 

if2(r) Jo 

= /(s)e-("-^)^ + (a - i) / /(r)e-("-^)"cir 

3 Jo 

^ C, 

due to (EH- So 

CXD /• POO POO /* 



e-i^--,r) I \\/w\'pdydT ^ C / + C / e'^^-s"^ / w^pdydr 

n{T) Jo Jo Jn(T) 



2 BLOW-UP RATE ESTIMATES 



19 



i.e., f lCTD holds for A; = 0. 

Step 2. (nm> and (^M> hold for all A; G N U {0}. 

Suppose fl2:39|) and flCTj) hold for all A; = 0, 1, ■ ■ ■ , n - 1. Taking e = 1/4 in I^M), 
we get 



C?-£'2n[w] 

ds 



^ A[ wlp\y\'- dy + ^ f ^ \wr^p\y\^-dy + C [ \Vw\'p\y\'--' dy 
^-7/ wlp\y\^-dy + Ce-i f \wr'p\y\'^^'dy + c[ \Vw\'p\y\'-~' dy 

4 Jf7(s) 



n{s) 



wtp\yrdy + C I \Vw\'p\yr-Uy 

n{s) 



+Ce~i( [ \\/w\^p\y\^^^Uy+ [ \w\p+' p\y\^^ dy + C - C E2n+2[^ 
\Jn(s) Jn(s) 



wip\yrdy + C / \Vw\'p\yr-'dy 
n{s) Jn(s) 



+Ce-i [ |V^|V|yr"'''^^2/ + Ce-t(E2nM +C) +Ce("-5)^ 

Jq{s) 

-I [ w'M'-dy + C f \Vw\'p\y\'-'dy 
^ Jn{s) Jn{s) 

^ C\y\e~2 and the assumptions of the Lemma. Hence 



Notice that we have used that 
we get 



Jo Jn{T) 

+C [ [ \Vw\^p\y\'^''-^dydT. 
Jo JnM 



poo p 

Since / e""" / \Vw\'^p\y\'^''^^ dy ds ^ N^+u we get 
Jo Jn{s) 

/"V^ [ \Vw\^p\y\^''^^dydT ^Ce^''-'^^' 
Jo JnM 



as before. Let /(s) 




|Vw| p\y\ " dydr. Then by induction hypothesis, we have 



Jn{T) 



So 
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i.e., f{s) ^ Nn-ie^"-^"-^^'. 
Therefore 

E2n[w] ^ nJ'^-'-'^. (2.45) 



Now let y{s) = / p\y\'^'' dy , z{s) = ^2nM + C. Then by (12:261) and (121271) . we 



have 



^ 2\z{s) + C f |Vti;|V|yr""'rf2/ = 2Az(s) + /i(s). 

Since a < 2A, 2;'(s) ^ (a — 5'^z{s) + (7(5), where (7(5) = (2A — a + 5'^z{s) + h{s) and 
5^ e ((5„,5ri-i)- It follows from (12.451) and induction hypothesis that 



1*00 roc 1*00 f 

/ e-(°-^")^^(s) (is ^ C e^^'--^'^-'^' ds + C e'^"-^'-'^' \Vw\^p\y\^''-^ dy ds 
Jo Jo Jo Jn{s) 

^ C. 

A similar argument to obtain (12.381) gives us 

z{s) ^ -Ce^"-^")^ (2.46) 

From (I2:i5|l and ([236]), we know that (l2:39|) holds for k = n. 
From the fact that 

dE2n\w\ 1 



ds 

and above estimates, we have 



00 



e-("-^")^ / wlp\y\^''dyds < C. 





As before, we have 



/ \Vwfp\yf'' dy ^CE2r\w\^C [ w^plyl'"' dy + C. 
Jn(s) Jn(s) 

Multiplying e~^°'~^^^'^ on both sides and integrating over (0, 00), we obtain 
/ e-("-^")*/ \Vw\'^p\y\'^''dyds 

Jo Jq{s) 



00 



^ C e-^'^-^-^'e^'^-^-^'ds + C + C / e'^''-^-^' w^plyl'"'' dy ds 
Jo Jo Jq{s) 

< C, 

i.e., ( 12.401) holds for k = n. So the proof of this Lemma is complete. 
To obtain the upper bound of E[w], we also need the following 
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Lemma 2.11. Suppose that there exist two positive constants M,N and some a G (0, |) 
such that 



\E2[w]{s)\ ^ Me"^ 



oo 

e-"'! \\/w\'^p\y\'^dyds ^ N. 
Jn{s) 



Then we have 

E[w] ^ K2. 

Proof. Recall from flTlT]) that 



w\^ pdy. 



^ ^ - / w'',pdy + Ce-'/^ I \y\''\w\^+'pdy + Ce-'''^ I 
ds Jn{s) Jn{s) Jn{s) 

By the lower bound of E2 and Young's inequality, we get 

/ \y\^\w\P+^pdy ^ Ce-''^(f \Vw\^\y\^pdy+ [ \w\f+^pdy + Ce""' + c] 
Jn{s) \Jq{s) Jq{s) J 

^ Ce-'/^ [ \\/w\^\y\^pdy + Ce-'/^ [ \wf^'pdy 
Jn(s) Jn 



n{s) Jn{s) 
+Ce~"/^ + Ce("-^)^ (2.47) 



Using (12. lip , we have 
dE 



^ - [ wlpdy + Ce^''^ [ \Vw\^\y\^pdy 
Jn{s) Jn(s) 



[ |w|P+V dy + ^ c'e^^-s)^ 

Jq{s) 

^ -i / wlpdy + Ce-^/' [ \Vw\'\y\'pdy 
^ Jn{s) Jn{s) 

+Ce''/\E[w] +C) + Ce("-^)^ (2.48) 
By Lemma [2.31 we may assume E[w] + C > 1. So 



d 
ds 



log(EH + C) ^ Ce-'/'' [ \Vw\^\y\^pdy + Ce-'^^ + Ce^"-^)^ 



Noticing that a < |, we obtain that E[w] ^ K2 from the assumptions. 

Proof of Proposition 12.11 Combining Lemma 12.111 with Lemma 12.91 Lemma 12.101 
and Remark 12. H we get the upper bound of E[w] immediately. Notice that the lower 
bound of E[w] has been obtained in Lemma [2.31 So the proof is complete. 

2.1.3 Proof of Proposition EH 
Proof of (123]). From (12111) we have 



/ \w\^^^pdy^e wlpdy + C{e). 
Jq{s) Jn{s) 
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Then flTigl) tells us that 

^ ^ (-1 - ee-^/^) 1^^^^ w^pdy + C{e)e-^'' + /(.), 

where f{s) = Ce~'^^'^ f^^_,^ \Vw\'^\y\'^p dy, which is an integrable function. Integrating this 
inequahty from sq to T, we get 

wlpdy^ j {Ce~''^ + f{s)) ds + E{so)-E{T). 

•J SI) 




' soJn{s) 
It follows that 

rcx> 

\\w,■LliQis))fds^N^. 



Proof of (12.61) . Making use of Jensen's inequality, from (12.81) . we get 



1 d 
2ds 



w^p dy ^ -2K2 + C{p, rfa, ^) / w'^P dy 
n{s) \Jn{s) 



2 



We assert that 

w'^p dy ^ N2, 



n{s) 



2Ko \^ 



where N2 = ( — / ^. ) is the zero of —2K2 + C(p, ^2, ^)x''2 = 0. 
\C{p, c?2,fi)/ 

If not, there exists si such that 



w'^p dy > 

n{si) 



2Ko \^ 



Then 

-— / w pdy 
2 as in{s) 



C(p,d2,f^), 

> C > 0, 



s=s-i 



which implies that 

w'^pdy > 2C W s > Si. 



in{s) 

Then there exists some t such that for s > i 



5 

p+i p+i 

— C{p,d2,n) / r „ \ — 



-27^2 + Cip,d2M)( / w'p dy ^ ' / w'p dy 

so that y blows up in finite time, which is impossible. 

Proof of (ETI). Recall that V ^ di and E[w] ^ K2. Then from (ES]) we see that 



Pdy^e— —K2 + -rj rr / \w\ pdy ] / prfy 

Therefore by (12. 5p and (12.61) we have 

•5 + 1/ P \ 2 /"OO /• 

\w\P+^pdy) ds^C + CN2 / Iw/prfy ^ A/'g. 
n{s) / Jo Jn{s) 
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2.2 Proof of Theorem [Q] 

Let ip G C^(]R") be a bounded function with suppV' C B2r(0) D Q. Then ipw satisfies 

p{tljw)s - V ■ (pVitpw)) + V ■ {pwVi/j) + pVt/j ■ Vw + I3%l)pw - V%l)\w\^~^wp = 

in n{s) X (0,oo). (2.49) 

We introduce two types of local energy. 

^^M(^) = ^ / (|V(^ti;)P + iPij' - pdy-^ [ V^'\wr'pdi^. 50) 

£A^]i-^) = l [ ^W^w\'' + /3w'')pdy-^- [ V^^\w\P+'pdy. (2.51) 
2 Jn{s) p + i Jq(s) 

By the similar trick of [12j, we could establish a lower and an upper bound for We 
just list some important results and ignore the proof. 

2.2.1 Upper bound for £^[w] 

Using (I23D and (ES]) we obtain that 

\\wis); W'/in{s))\\^ ^ K^{1 + Wwsis); Lj(fi(s))||) for all s ^ 0, (2.52) 
where \\w{s); W'/ (fi(s)) f = /3||w;(s); L%n{s))r + || V«;(.); L%Q{s))r. 
Proposition 2.12. (Quasi-monotonicity of £.^[w]) 

^£^[w]{s)^L^{l + \\ws{s)-Ll{n{s))\\)+Ce-'l^ [ ^P^\y\\w\P+'p dy (2.53) 
""S Jn{s) 

for all s > 0. 

Proposition 2.13. There exists a positive constant K2, such that 

/s+l 
£^[w\{t) dr < K2 for all s ^ 0, (2.54) 
_ 

where K2 depends on n,p, \\ip\\oo, upper bound for £^i,[w] and upper bound for V. 
Note that 

S + l P 

Ce-^'^ i)^\y\\w\^+^pdydT ^C. 



JQ.{t) 

Thanks to fl2.53p . (12. 5p and (12.541) we can derive an upper bound for f'^fw]. 
Theorem 2.14. 

£^[w]^M foralls^O. (2.55) 
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2.2.2 Lower bound for S^[w] 

Notice that 

— = / tfjwCVip ■'Vw)pdy. 
Jn{s) 

By estimating \E^ — £tp\ and using fl2.6p we obtain 
Proposition 2.15. There exists a positive constant Ji such that 



f \^w\^pdy ^ -28^ - Ji + ^ f (2.56) 
2 ds ^(,) p + 1 ^(,) 

By (I236D . fl233|) and ([23]) we obtain that 

Theorem 2.16. There exists a positive constant L2 such that 

8^[w]{s) ^ -L2 for all s ^ 0. (2.57) 

Once we have these bounds for the local energies, the proof of Theorem 11.11 follows from 
bootstrap arguments, an interpolation theorem in [1] and the interior regular theorem in 
as in [121 We omit the details since there is no anything new. 



Remark 2.2. If we only treat nonnegative solution to (11.11) . then Theorem 11.11 can be 
proved through the bounds we have obtained in Section 2.1. We can combine the methods 
in [10] and [T7] to get the blow-up rate estimate. 



3 Asymptotic behavior of the Blow-Up Time and 
Blow- Up set 

In this section, we are interested in the following problem 

ut = /^u + V{x)vJ' in(]x(0,T), 
u{x,t) = ^ on9fix(0,T), 
u{x, 0) = Mip{x) in fi, 

where G C(0) satisfies v^lac = 0,v9(x) > 0, 'i x E Vt and V satisfies the conditions 
described as in Section 1. 

The main goal of this section is to prove Theorem 11.21 and 11.31 

Proof of Theorem 11.21 That blow-up occurs for large M is standard fact. Let 
a eVL such that ip'P"'^ {a)V {a) = ma:X(pP^^{x)V{x). 

X 

Since ip and V are continuous, it follows that V e > 0, 3 (5 > 0, such that 
V(x)>r(a)-|, y;(x) >(/?(a) - |, VxG5(a,5). 

Let w be the solution of 

wt = Aw+ (y{a) - I) wP in 5(a, 6) x (0, T^), 

w = on (95(a,(5) X (0,r^), (3-1) 

w{x,Q) = M {^{a) - e) mB{a,S) 
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and T^ its corresponding blow up time. 

A comparison argument shows that u > w in B{a, 6) x (0, T) and hence T < Tw 
Our goal is to estimate for large values of M. Define 

e 

I(w) = - Wwl^dx / w^+Ux 



2 J B{a,5) P + 1 J B{a,S) 



then 



I'{t) = I Vw- Vwt dx - (V{a) [ 

JB{a,S) ^ 2/ JB(a,. 

= - [ wt (Aw + (via) - I) wA dx 



B{a,5) 

2 

W 

B{a,S) 



dx. 



Set = - w'^{x,t) dx, then we obtain that 

2 JB{a,S) 

= / wwtdx 

J B(a,5) 



w (Aw + (V{a) - ^) wA dx 
-/ \Vw\^+(v{a)-^) [ w^+Ux 

JB{a,S) ^ 2/ JB{a,S) 

~2I(w) + ^^(vid)--) f w^+Ux 



2 



'B{a,S) 

\ — 

> -2/(u;) + ^^(\/(a)-£)|5|^ ( /" dx 

P + 1 \JB{a,S) 

= -2I{wo) + 2 [ [ w^^dxdt + C^^it), (3 

JoJ B{a,5) 



where C = (\/(a) - £) 151^2^. 

p + I 

In particular, > 0. 
On the other hand, 



2 / /■ \ 2 



= / wwtdxi^i / w^dx] ( I Wtdx] = (2<l>(t))2 ( / Wt dx 

JB{a,S) \JB{a,S) J \J B{a,S) J \J B{a,5) 



which tells us that / dx ^ — Therefore from (13.21) we get 

JB{a,S) 29{t) 

$'(t) > -2I{wo) + 1^ dt + 
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Set fit) = -2JK) + f^^^dt and g{t) = ^^^^(t). 
Note that 



p+l 

g{Q) = -^^{V{a)-e)\B\M^^\m 



p + 

It follows that /(O) > ^(0). Hence 

$'(0) > /(O) + ^$^(0) > g{0) + ^$^(0) = ^^^$^(0). 

p — 1 

Then 3 rj > 0, such that ^ ^^(^^^(t), t e [0,r/]. 

Define A = {9 e [0, T$] : ^ ^^^^^^(t), t G [0, ^]}, where T$ is the blow-up 
time of $. Then A is closed. On the other hand, A is open. In fact, V ^ G A, since 

it follows that f{t) > g'{t) for t G [0, 0]. 

Recall that /(O) > ^'(0). We conclude that 

f{t)>g{t), te[0,9]. 

In particular, f{9) > g{9). 

Thus, there exists /? > such that for all (3 G [0, f{9 + (3) > g{9 + /3) or 

^'{9 + (3) > l±lc^'-^i9 + P), 
p — 1 

which means 9 + (3 & A. Therefore A = [0, T<j,]. In other words, 

$'(t)^^c'<i>^(t), tG[o,r$]. 

Integrating this inequality from to r$, we get 

1 



{p - l){V{a) - e)MP-\<^{a) - e)P-^' 



Since e > is arbitrarily small, the Theorem follows readily from the above estimate. 

Proof of Theorem II. 3L The proof is almost the same as in [5] . The only different 
thing is that we improve their Lemma 2.2. For the reader's convenience, we outline the 
proof here. 

Let M be large such that the solution u blows up in finite time T = T{M) and let 
a = a{M) be a blow-up point. To involve the information of T, we modify the definition 
of w to be 

w{y,s) = {T -t)^^u{a + y{T -t)'^,t)\t=T{i-e-^y 
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Then w satisfies 

pws = V ■ (pVw) — (3pw + V{a + yT^e~^)\wY'~^wp in VL{s) x (0, oo), 

^ 1 s 

where f2(s) = {y\a + yT^e^^ g 
Consider the frozen energy 

E{w) = [ (l\Vw\' + ^w' - -±^V{a)w^+') pdy. 
Jn[s) ^ p + i / 

Then 

— ^ - / wlpdy+ / (\/(a + yT^e"^) - V'(a))t(;*'u;5p(iy 

^ - / wlpdy + CT^e'i { / w^pc?!/ 

\Jn{s) 

dE 

We have used Theorem 11.11 and Holder inequahty in the last inequality. So — — ^ CTe~ 

ds 

and then 

E{w) ^ E{wo) + CT. 
Since w is bounded, by the argument of [10] and [11], we conclude that 

1 



lim wiy, s) = k{a) = 

{{p-l)V{a)y- 

uniformly in any compact set, and 

E{w{-, s)) E{k{a)) as s — > cxD. 

So 



E{k{a)) ^ E{wq) + CT. (3.3) 



By Theorem 11.21 we estimate E{wq) to get E{wo) ^ E{Tp-'^ M(p{a)) + CTa. So 

E{k{a)) < E(T^M(^(a)) + CT^ 



1 ^2 



Observe that E{b) = rF{b) for any constant b, where F = j pdy and F( 
^^V^(a)x^+^. It follows that F attains a unique maximum at k{a) and there exist a, (3 such 
that if |a;- A;(a)| < a then F"{x) < -1/2 and if \F{x) - F{k{a))\ < (3 then |x- A;(a)| < a. 
From (13. 3p . we have F{k{a)) ^ F{Tp^Mip{a)) + CT^. By the properties of F we have 

CT5 ^ F{k{a)) - F{T^^M^{a)) ^ i(A:(a) - T?^M(^(a))l 



By Theorem 11.21 for any A; > there exists Mk > such that if M > M^, we have 

k{a)-CT^ ^ T^Mip{a) 
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where ^ 

ip{d)V{a)~ 



Therefore, we get 



A; a 1 - a ^ + -— r < -— r 



if we choose k > Then 

e(a) >1- ^ 



This imphes 

<^(a)F(a)^ ^ ip{d)V{d)^ —. 

M— 

We can deduce from this inequahty that ip{a) ^ C > for large M. So 



ip{a){{p-l)V{a))^^ via) 

Therefore 



y.(a)((p-l)V(a))^ 

i.e., 



^ —-CT^^MT^, 



!f{d){{p-l)V{d))~ M~- 

The Theorem is proved. 
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